Let us define A = C r (a 0 , a 1 , . . . , a n-1 ) to be a n × n r-circulant matrix. The entries in the first row of A = C r (a 0 , a 1 , . . . , a n-1 ) are
Introduction
Special matrices is a widely studied subject in matrix analysis. Especially special matrices whose entries are well-known number sequences have become a very interesting research subject in recent years and many authors have obtained some good results in this area. Lots of article have been written so far, which concern estimates for spectral norms of circulant and r-circulant matrices, which have connections with signal and image processing, time series analysis and many other problems.
In this paper, we derive expressions of spectral norms for r-circulant matrices. We explain some preliminaries and well-known results. We thicken the identities of estimations for spectral norms of r-circulant matrices with the Pell and Pell-Lucas numbers.
The Pell and Pell-Lucas sequences P n and Q n are defined by the recurrence relations
If we start from n = , then the Pell and Pell-Lucas sequence are given by
The following sum formulas for the Pell and Pell-Lucas numbers are well known [, ]:
Obviously, the r-circulant matrix C is determined by the parameter r and its first row elements c  , c  , . . . , c n- , thus we denote C = C r (c  , c  , . . . , c n- ). Especially, let r = , the matrix C is called a circulant matrix [] .
The Euclidean norm of the matrix A is defined as
The singular values of the matrix A are The following inequality holds:
Define the maximum column length norm c  , and the maximum row length norm r  of any matrix A by
respectively. Let A, B, and C be m × n matrices.
Result and discussion
Theorem  Let A = C r (P  , P  , . . . , P n- ) be a r-circulant matrix, where r ∈ C. We have
Proof The matrix A is of the form
Then we have
hence, when |r| ≥  we obtain
that is,
On the other hand, let the matrices B and C be
We have
When |r| <  we also obtain
Thus, the proof is completed.
be a r-circulant matrix, where r ∈ C, |r| ≥ ; we have
where ·  is the spectral norm and P n denotes the nth Pell number.
is a r-circulant matrix, if the matrices B = C r (P  , P  , . . . , P n- ) and C = C(P   , P   , . . . , P  n- ) we get A = B • C; thus, we obtain
Theorem  Let A = C r (Q  , Q  , . . . , Q n- ) be a r-circulant matrix, where r ∈ C.
, n odd,
, n even,
, n even.
When |r| <  we also obtain , n even.
